We study the stability of coherent atomic-molecular states of hybrid Bose-Einstein condensates in the framework of the parametrically coupled Gross-Pitaevskii equations with a weak 'short-correlated' noise, also taking into account the self-interaction effects described by the cubic nonlinearity. We show that the stationary states of the hybrid atomic-molecular condensates are much more robust against the effect of noise than the condensate in the critical regime, describing a complete transformation of the atomic fraction into a molecular condensate, where instability develops essentially faster, with the characteristic time proportional to the logarithm of the noise amplitude.
Introduction
Recent exciting developments in the physics of ultracold gases and Bose-Einstein condensation are associated with the study of photoassociation and Feshbach resonances to tune the strength of the interactions between atoms as well as to create ultracold diatomic molecules starting from an ultracold atomic gas of bosons or fermions [1] [2] [3] [4] [5] . While molecular condensates of a spin mixture of fermionic atoms have given rise to the most recent efforts of experimental groups [6] , creating hybrid atomic-molecular condensates of bosonic atoms remains an experimental challenge, being suggested theoretically [7] and receiving some experimental support [2] .
The creation of ultracold bosonic molecules via Feshbach resonance suffers from high inelastic losses. This method produces molecules in highly excited vibrational levels which are highly unstable against collisions. However, it has been proposed and demonstrated in experiments that optical processes, such as stimulated Raman transitions, could assist in the production of ultracold molecules in their single rovibronic state [2] or ground vibronic state in an experiment with heteronuclear molecules [8] . The molecules in the ground state would be much less susceptible to collisional losses, which would justify the hope of producing a coherent atomicmolecular mixture.
The problem of generating coupled atomic and molecular condensates of bosonic atoms is fascinating from different points of view. Apart from the prospect of observing the nontrivial collective dynamics of a molecular condensate, this problem offers a unique atom-optics analogue to the process of second-harmonic generation in nonlinear optics, but it is characterized by many new features including the nontrivial self-trapping of the atomic-molecular coherent states and the formation of hybrid vortices [9, 10] .
Oscillations between the atomic and molecular species in a hybrid condensate are associated with the existence and stability of atomic-molecular coherent state mixtures. In order to study the stability of such hybrid states under realistic conditions, one should take into account the effects of quantum fluctuations, by going beyond the two-mode approximation based on the Gross-Pitaevskii (GP) equation [11] , or by using the stochastic field equations for the full quantum states of the condensates that include the GP equations as the noiseless limit [12] .
Being motivated by this research, we study the stability of the atomic-molecular coherent states in the presence of weak 'short-correlated' noise, also taking into account the meanfield self-interaction effects. Such a study, which seems to be a simple test in proving the well-known stability of a scalar condensate against a weak noise, becomes crucially important for the hybrid atom-molecular condensates. Indeed, the parametric coupling between the atomic and molecular fractions leads to phase-sensitive fluctuations and energy exchange between the species that may destroy the condensate.
We would like to emphasize that the effect we study here is in sharp contrast with the modulational instability analysis conducted in the framework of the GP equation [13] . In particular, we show that external random fluctuations lead to both linear and oscillating corrections to the stationary states of a hybrid Bose-Einstein condensate. Moreover, we observe that the stationary states of the atomic-molecular condensates are much more robust against the effect of noise than the extensively studied critical regime of the condensate dynamics, describing a complete transformation of the atomic fraction into a molecular one (see, e.g., [12] ), where instability develops essentially faster, with the characteristic time proportional to the logarithm of the noise amplitude.
Model
We study the dynamics of the atomic ('a') and molecular ('m') condensates described by the coupled mean-field GP equations for the macroscopic wavefunctions ψ a (t) and ψ m (t) of the two species,
Here γ stands for the atomic-molecular parametric coupling, U is the atomic mean-field interaction, K is a mismatch from the Feshbach resonance, and both A(t) and M(t) describe a random noise with zero mean value. The model (1) can be considered as a simplified version of the model introduced by Hope and Olsen [12] , and it provides a useful insight into the condensate stability and dynamics driven by spontaneous quantum processes. In order to simplify equations (1), we introduce the normalized density u (0 u 1) defined as follows:
, and the relative phase, θ = 2ϕ a − ϕ b . Introducing the dimensionless time, τ = t √ 2γ , normalized nonlinearity, n = U/γ √ 2, and mismatch parameter, k = K /γ √ 2, we present the GP equations (1) in the Hamiltonian form,
Here the dot stands for the derivative in the normalized time τ , and H is the effective Hamiltonian defined as
This dynamical system possesses the following balance equation:
where
The dimensionless term κ(τ ) in equations (2) describes a combined effect of the external noise,
the noise is assumed to be Gaussian and 'short correlated', i.e. its correlation time is assumed to be much less than the interaction time t int = γ −1 . This assumption allows us to consider κ(τ ) as a Gaussian white noise with zero mean value and the correlation function
In what follows, we assume that the noise is weak so that κ 0 1 is a small parameter.
Noise-induced dynamics of coherent states
In a particular case when the parameters of the cubic nonlinearity n, mismatch k, and noise κ all vanish, equations (2) coincide with the well-known equations of nonlinear optics that describe the second-harmonic generation (SHG) process. The latter equations have exact solutions which, in general, describe periodic oscillations and energy exchange between the coupled modes [14] . For separatrixtype initial conditions, H 0 = 0 and u(0) = 0, we obtain a critical monotonic solution,
that describes a complete transformation of the energy from the fundamental harmonic (in our case, the atomic condensate) to the second harmonic (in our case, the molecular condensate). Additionally to periodic solutions, equations (2) possess stationary solutions, the so-called nonlinear eigenmodes, which describe mixed stationary states of both the components [14, 15] . The basic properties of the SHG equations survive in the presence of cubic nonlinearity and nonzero mismatch [16] ; however, the solutions become much more complicated. In this paper, we are interested in the solutions of equation (2) which, in the absence of noise, describes the nonlinear eigenmodes, i.e. corresponding to fixed atomic and molecular partial densities. There exist three kinds of such solutions. The first one describes a pure molecular condensate, and the other two describe hybrid atomic-molecular condensates. The hybrid states can be distinguished by the relative phase θ , which is zero for the so-called symmetric states, and π for the antisymmetric states. The corresponding amplitudes z = √ u 0 of the stationary states satisfy the cubic equation
where η = ±1 defines the symmetric or antisymmetric state, respectively. The presence of the noise term κ(τ ) in equations (2) affects the stationary solutions for the atomic-molecular coherent states, making them unstable. To study this effect analytically, we assume that the noise is weak and employ perturbation theory. We are interested in the solutions averaged with respect to the noise realizations. The first-order correction u 1 (τ ) vanishes after averaging and, therefore, our subject of interest is the averaged second-order correction u 2 (τ ) and, finally, the total solution u(τ ) = u 0 + u 2 (τ ) .
When the cubic nonlinearity n and mismatch parameter k both vanish, the problem under consideration can be reduced to the problem of SHG in the presence of random fluctuations, first considered in [17] for the special initial conditions u(0) = 0 and θ(0) = π/2, and for the zeroth-order solution (4). Following [17] , we obtain an integro-differential equation for u by excluding the phase θ with the help of equation (3), and find the result in the form (for τ | ln κ 0 |)
Thus, the noise-induced correction grows exponentially fast and, during the instability time τ exp ≈ | ln κ 0 |, the density of the molecular component changes by of the order of its initial value, so that this fraction can disappear. The method suggested in [17] is not efficient for the case described by equation (2), and the application of a direct perturbation theory is found to be simpler. Therefore, we employ a direct approach and expand the density amplitude and relative phase of the molecular condensate as follows:
we obtain the first-and second-order equations
Here the matrices T j ( j = 0, 1, 2) have the form 2 (u 0 (τ ) ). This allows us to obtain a solution in a general form:
The latter equations, together with u 0 (τ ) defined by equation (4), lead to the result
which, after a simple transformation, reduces to the result obtained in [17] . In the general case, when both the cubic nonlinearity and mismatch parameter are not zero, for the two kinds of mixed stationary solutions we obtain the simpler dynamic equations in the first-order approximation,
and in the second-order approximation,
with the coefficients defined as follows:
2z 3 ,
where η = ±1 denotes the symmetric and antisymmetric solutions, respectively, and the density amplitude of the molecular condensate z (0 z 1) satisfies the cubic equation (5) .
Equations (12), (13) possess three different kinds of solutions for the noise-induced corrections to the stationary states. The first type, which we call an oscillatory solution, is possible for B 0 C 0 = −q 2 < 0, and it corresponds to out-ofphase oscillations between the atomic and molecular fractions with a growing amplitude,
and
In the 'resonant' case, when (C 0 G 0 − B 0 F 0 ) = 0, the coefficient P vanishes, and the corrections are always small and oscillate near the stable zero-order solutions. In a general case, the expression (C 0 G 0 − B 0 F 0 ) is expected to be of the order of one, so that the linear term leads to the instability growth time τ osc = |Pκ 0 | −1 . The second type of solution is possible for B 0 C 0 = q 2 > 0, and the analytical result for this case can be obtained from equation (14) by a simple change, q → iq. This solution, which we call an exponential solution, is characterized by an exponential growth of the noise-induced corrections. If all coefficients are of the order of one, then for τ ∼ τ exp , where τ exp = κ 0 | ln κ 0 |, the noise-induced correction becomes of the same order of magnitude as a zero-order solution. Thus, the instability time τ exp is of the same order as in the case described by equation (11) .
The intermediate case B 0 C 0 = 0 (or q = 0) corresponds to the power-law correction In order to determine the type of the noise-induced instability of the atomic-molecular condensates, we have solved the equations numerically in the parameter domain of the cubic nonlinearity, |n| 1.3, and the mismatch, |k| 0.3. All the quantities we are interested in (i.e. z in equation (5), q, and P) are invariant with respect to inversion in the (η, n, k) space. Therefore, we discuss our numerical calculations and present the results in figures 1 and 2 for the antisymmetric solution only.
Within the parameter region considered, the cubic equation (5) for the stationary mixed solutions always has one positive solution (z < 1) for both symmetric (η = 1) and antisymmetric (η = −1) eigenmodes. Moreover, for the same region of parameters only an oscillatory solution can be realized. This means that the noise-induced correction has the form (14) , and it contains small oscillating terms and a linearly growing term that corresponds to instability. This result differs drastically from that for the case n = k = 0 studied in [17] and described by the result (6) or (11) , for which the instability develops exponentially fast. However, the critical resonant case, when C 0 G 0 = B 0 F 0 , is never realized in the parameter domain studied, so that the states which are stationary in the zero-order approximation eventually become unstable in the presence of noise.
The characteristic period of oscillations near the stationary states, defined as T = 2π/q, is of the order of one over the whole parameter region and for both kinds of stationary states, i.e. symmetric (η = 1) and antisymmetric (η = −1) states (see figure 1 ). In the dimension form, this means that the interaction time, determined by the coupling between atomic and molecular components, is the only characteristic time of the problem.
The coefficient P in front of the linearly growing term is a smooth function of the mismatch parameter k, but it is sensitive to the value of the cubic nonlinearity n (see figure 2 ). For both kinds of stationary states, the modulus of this coefficient changes continuously on half of the interval [−1.3, 1.3], and it grows substantially on the other half of this interval. In other words, each nonlinear eigenstate has its own sign of the cubic nonlinearity (negative for the symmetric states and positive for the antisymmetric state) that corresponds to the lowest instability time τ osc . This means that the noiseinduced instability can develop on a scale much larger than that for the exponential case [17] , where it is of the order of τ exp ∝ κ 0 | ln κ 0 | τ osc . Therefore, the value of the mean-field nonlinearity, defined by the density of the atomic component of the hybrid condensate, is a crucial factor for the effective stabilization and larger lifetime of the atomicmolecular coherent states.
Conclusions
We have studied the stability of stationary atomic-molecular coherent states of hybrid Bose-Einstein condensates. The noise introduced into the model allows us to mimic the effects of spontaneous quantum fluctuations on the dynamics of unstable states, expanding the applicability of the GP equations. We have demonstrated that a comparatively strong mean-field nonlinearity of an appropriate sign (negative, for the symmetric states, or positive, for the antisymmetric states) can become an effective stabilization factor and leads to longer lifetimes of the hybrid condensate. Thus, the stationary states are much more robust against noise than the dynamic regime of a hybrid condensate that describes a complete transformation of an atomic fraction into molecular condensate.
